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The fractional parts of Dedekind sums
Kurt Girstmair
Abstract
We show that each rational number r, 0 ≤ r < 1, occurs as the fractional part of
a Dedekind sum S(m,n).
1. Introduction and result
Let n be a positive integer and m ∈ Z, (m,n) = 1. The classical Dedekind sum s(m,n)
is defined by
s(m,n) =
n∑
k=1
((k/n))((mk/n))
where ((. . .)) is the “sawtooth function” defined by
((t)) =
{
t− ⌊t⌋ − 1/2 if t ∈ R r Z;
0 if t ∈ Z
(see, for instance, [7, p. 1]). In the present setting it is more natural to work with
S(m,n) = 12s(m,n)
instead. Observe that S(m+ n, n) = S(m,n), so one often considers only arguments m
in the range 0 ≤ m ≤ n− 1.
Dedekind sums have quite a number of interesting applications in analytic number
theory (modular forms), algebraic number theory (class numbers), lattice point problems
and algebraic geometry (for instance [1, 6, 7, 9]). Moreover, the distribution of these sums
has been the subject of study of several authors (see [2, 3, 10, 11]).
The values of Dedekind sums are rational numbers. It follows from a result in [5] that
the set
{S(m,n) : n > 0, 1 ≤ m ≤ n, (m,n) = 1}
is dense in the set R of real numbers. In particular, Dedekind sums come arbitrarily close
to a given rational number. It seems to be unknown, however, which rational numbers
actually occur as the values of Dedekind sums S(m,n). In this note we show that the
fractional parts of Dedekind sums S(m,n) take each possible value.
Theorem 1 Let the integers n and q, 0 ≤ q ≤ n − 1, (q, n) = 1, be given. Then there
are integers m, n′, 0 ≤ m ≤ n′ − 1, (m,n′) = 1, such that
S(m,n′) ∈
q
n
+ Z.
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Our basic tool is the Barkan-Hickerson-Knuth formula (see, for instance [5]). It is a
consequence of this formula that
S(m,n) ∈
m+m∗
n
+ Z, (1)
where m∗ ∈ Z is such that mm∗ ≡ 1 mod n (see, for instance [4, formula (4)]). Hence it
suffices, for our purpose, to study the behaviour of (m+m∗)/n. Note, however, that, in
general, the fractional part of this number does not run through all possible values q/n,
0 ≤ q ≤ n − 1, (q, n) = 1, if m runs through all values 0 ≤ m ≤ n− 1, (m,n) = 1. For
instance, it is not hard to see that there are at most (n+ 1)/2 values of fractional parts
of (m+m∗)/n, if n ≥ 3 is a prime number, but n− 1 possible numbers q/n. Our proof
is based on a suitable extension of the denominator n.
Proof of Theorem 1
We may assume q 6= 0 and n ≥ 2, since S(m,n′) = 0 if m2 ≡ −1 mod n′ (see [7, p. 28]).
Case 1. Let n be odd. Let p be a prime number such that
2 ≡ qpmod n. (2)
In particular, p ∤ n. In addition, let p ≡ 1 mod 4. By Dirichlets theorem of primes
in arithmetic progressions, such a prime p exists (see, for instance, [8, p. 103]). Since
p ≡ 1 mod 4, the number −1 is a square mod p, hence there is an integer m such that
m2 + 1 ≡ 0 mod p. (3)
Since (n, p) = 1, this number m can be chosen such that
m ≡ 1 mod n.
By (2),
m2 + 1 ≡ 1 + 1 ≡ qp mod n.
Therefore, we may write m2 + 1 = qp + kn, with k ∈ Z. In view of (3) and the fact
that p does not divide n, it must divide k. Thus m2 + 1 = qp + k1np, k1 ∈ Z. Since
(m,np) = 1, there is an integer m∗ such that mm∗ ≡ 1 mod np. Accordingly, we write
mm∗ = 1 + k2np, k2 ∈ Z. This gives, on the one hand,
m∗(m2 + 1) = m+m∗ + k2mnp, (4)
on the other hand,
m∗(m2 + 1) = m∗(qp+ k1np) = m
∗qp+m∗k1np. (5)
Since m ≡ 1 mod n, we have m∗ ≡ 1 mod n, and so m∗ = 1 + k3n, k3 ∈ Z. Accordingly,
(4) and (5) give
m+m∗ + k2mnp = (1 + k3n)qp+m
∗k1np = qp+ k3qnp+m
∗k1np.
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This, however, means
m+m∗
np
∈
q
n
+ Z.
By (1), S(m,np) has the fractional part q/n.
Case 2. Let n be even. Since (q, n) = 1, q is an odd number. We choose a prime p
such that
1 ≡ qpmod n. (6)
Note that it suffices to show one of the assertions S(m,n′) ∈ q/n + Z or S(m,n′) ∈
−q/n+Z for some n′, since S(−m,n′) = −S(m,n′) (see [7, p. 26]). Accordingly, we may
assume that q ≡ 1 mod 4. If n ≡ 0 mod 4, condition (6) implies p ≡ 1 mod 4, in the case
n ≡ 2mod 4, it only means that p is odd, hence we may choose p such that p ≡ 1mod 4.
Therefore, there exists an integer m such that
m ≡ 1 mod 2n and m2 ≡ −1 mod p. (7)
From (6) we obtain
m2 + 1 ≡ 2 ≡ 2qp mod 2n,
i. e., m2+1 = 2qp+2kn, k ∈ Z. By (7), p dividesm2+1, so we havem2+1 = 2qp+2k1np,
k1 ∈ Z. Since (m, 2np) = 1, there exists an integer m
∗ such that mm∗ = 1 + 2k2np,
k2 ∈ Z. In addition, m
∗ ≡ m ≡ 1 mod 2n. Hence we write m∗ = 1 + 2k3n, n ∈ Z.
Altogether, we obtain
m∗(m2 + 1) = m(1 + 2k2np) +m
∗ = (1 + 2k3n)(2qp+ 2k1np),
which shows m+m∗ ∈ 2qp+ 2npZ, or
m+m∗
2np
∈
q
n
+ Z.
By (1), S(m, 2np) has the desired property.
Example. Let n = 132 = 3 ·4 ·11 and q = 7. Obviously, the fractional part of (m+m∗)/n,
(m,n) = 1, lies in (1/66) · Z, hence it cannot be 7/132. Accordingly, we proceed as in
the proof. Since q ≡ 3mod 4 we work with −q = −7 instead. Our prime p has to satisfy
1 ≡ −7p mod 132, i. e., p ≡ 113 mod 132. The smallest possible prime of this kind is
p = 509. Now m must be chosen such that
m ≡ 1 mod 264 and m2 ≡ −1 mod 509.
A suitable number m in the range 0 ≤ m ≤ 2np − 1 is m = 133057. Indeed, since
2np = 134376, we obtain S(m, 2np) = −120 − 7/132 and S(−m,np) = S(n −m,np) =
S(1319, 134376) = 120 + 7/132.
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